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 This paper is concerned with the role of money in economic growth 
in a general equilibrium framework. It proposes a monetary growth 

model by integrating Walrasian general equilibrium theory, neoclas-
sical growth theory, and MIU approach in monetary economics with 

Zhang’s concept of disposable income and utility function. We de-

fine the model, find equilibrium, and carry out comparative statics 
analysis in money policy, preferences and technology. 
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INTRODUCTION 

The purpose of this study is to formally study relationship between money and economic 

growth. From empirical as well as theoretical literatures on money and growth, we know that rela-

tionships are ambiguous in the sense that the relationship can be positive, independent, or nega-

tive not-related, situation-dependent, depending on countries or periods within the same country or 

analytical frameworks. This study readdresses issues of growth and money. But different from the 

most formal models in the literature of money and growth, we also study relationship between 

money and distribution between heterogeneous households. If money is not neutral, inflation poli-

cy affects economic growth. As households have various preferences for consumption and saving 

and varied levels of human capital, it is reasonable to expect that inflation policy should have dif-

ferent effects on income and wealth distribution between heterogenous households. This paper 
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formally shows this intuition. Our modelling framework is based on a few well-known models in 

economic theory with Zhang’s concept of disposable income and utility. They are respectively 

Walrasian general equilibrium theory, neoclassical growth theory, and monetary growth theory with 

endogenous capital and money.   

 In economic theory, modelling money involves intriguing and important questions. As far as 

this study is concerned, our model is much influenced by Tobin’s seminal contribution in 1965 to 

growth with capital and money. Tobin (1965) introduces money into the Solow model which uses 

capital accumulation as the economic mechanism of growth (with exogenous technological change 

and exogeneous population). Withing similarly within an isolated economy like in the Solow model, 

Tobin introduces “outside money”, which is the part of part of money stock issued by the govern-

ment. Money is competitive with real capital in the portfolios of agents. As in the Solow model, 

household behavior is not based on utility-maximization. After Tobin published his important mod-

el, economists tried to deal with monetary growth problems with microeconomic foundation. One of 

these approaches is the so-called money in the utility (MIU) function approach. The earlier works 

are by Patinkin (1965), Sidrauski (1967), and Friedman (1969). The approach assumes that peo-

ple hold money as it yields some services. Another reason is that it is an easy way to enter real 

balances directly into the utility function. There is an extensive literature on the approach and em-

pirical studies on monetary issues (e.g., Wang and Yip, 1992, Akinsola, 2017; and Breuer, et al., 

2018). This study applies Zhang’s MIU approach to determine money holdings by heterogenous 

households (Zhang, 2005, 2013). Like the Tobin model, this study is still based on neoclassical 

growth model (e.g., Solow, 1956; Burmeister and Dobell, 1970; and Barro and Sala-i-Martin, 

1995). We work in a more general framework than the Solow model. This study follows Uzawa’s 

two sector growth model in describing economic structure and price changes (Uzawa, 1961, 1963; 

Stiglitz, 1967; Mino, 1996; Drugeon and Venditti, 2001; Jensen, 2003). Rather than a single 

household, this study classifies the population into different types of households. An extreme case 

that all households are different as in Walrasian general equilibrium theory (e.g., Walras, 1874; 

Arrow and Debreu, 1954; Arrow and Hahn, 1971; and Mas-Colell et al., 1995). The theory studies 
market equilibrium with interdependence between multiple firms and heterogeneous households, 

production, consumption, and exchanges with heterogeneous industries and households. Our 

model is  Walrasian as the perfect competitive economy has a market equilibrium due to interde-

pendence between profit-maximizing firms and utility-maximizing households for given levels of 

wealth money. It should be noted that this study is an integration of a growth model with the MIU 

approach (Zhang, 2013) and a Walrasian growth model (Zhang, 2014). The rest of the study is 

organized as follows. Section 2 develops the monetary growth model with endogenous wealth and 

capital with income and wealth distribution between heterogeneous households. Section 3 analyz-

es properties of the model and identifies the existence of an equilibrium point. Section 4 carries 

out comparative statics analysis. Section 5 concludes the study.  

 

 

1. THE GROWTH MODEL 

We build a Walrasian monetary general equilibrium growth model of endogenous wealth ac-

cumulation. The economy produces two goods: capital goods and consumer goods, corresponding-

ly by capital good sector and consumer good sector. We follow the Solow-Uzawa growth model in 

describing production sectors. The core model in the neoclassical growth theory was the Solow 

one-sector growth model (Solow, 1956; Uzawa, 1961, 1963; see also Takayama, 1985; Galor, 

1992; and Jensen et al., 2001). There are two inputs – labor and capital. Capital depreciates at a 

constant exponential rate,  Let  represent the rate of interest. The households hold wealth 

and money and receive income from wages, and interest payments of wealth. We use Cobb-

Douglas production functions to describe technologies of the two sectors.  

All markets are perfectly competitive. Inputs are freely mobile between the two sectors. The 

population is classified into  groups, each group with fixed population,  House-
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hold  distributes the available time  between leisure  and work  Let  for the flow 

of labor services used for production. We have:  
    

 
                                                                                                                      

where  are the levels of human capital of group  
  

The capital good sector. The capital good sector uses capital and labor as inputs. We use sub-

script index,  and  to denote respectively the capital good and consumer good sectors. We use 

 and  to represent the capital stock and labor force used by sector  at 

time  The output level of sector  is given by  The capital good sector’s production func-

tion is taken on the Cobb-Douglas form: 

 
 

where  and  are parameters. All the markets are competitive. Input factors are paid ac-

cording to their marginal products. Firms are faced with the wage rate  and the real rate of 

interest  determined in markets. The marginal conditions are: 
     

 
 

The wage rate of group  is  
 

  (4) 
 

The consumer good sector. The production function is taken on the Cobb-Douglas form as 
 

 
 

where  and  are parameters. We use  to stand for the price of consumer good. The 

marginal conditions imply: 
 

 
 

Monetary policy. Money is introduced by assuming that a central bank distributes at no cost to 

the population a per capita amount of fiat money,  The scheme with which the money 

stock changes over time is known to all agents. The constant net growth rate of money stock is 

denoted by  We thus have: 
     

 
 

Let  denote the real value of money per capita measured in units of the output good 
 

 
 

where  is the price of money. We have the government expenditure per household  as 

follows:  
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Each household gets  units of paper money from the government. We denote  the 

real money held by household . The money is held by households. We have:  
 

 
 

where  
 

Current income and disposable income. Let  and  respectively denote the inflation 

rate and wealth of household . We have 
 

 
 

The current income of household  is as follows: 
 

 
 

where  is the interest payment,  is the wage income,  is the real cost of 

holding money, and  is the real value of paper money from the government. The disposable 

income is given by 
 

 
 

where  is the real wealth of household  The total value of wealth that 

household  can sell to purchase goods and to save is . The time constraints imply: 
 

 
 

Insert (11) and (13) in (12) 
 

 
 

where 
 

 
 

Household  distributes the disposable income bewteen real money balances  saving 

 consumption of goods  The budget constraint is given by 
 

 
 

From (14) and (15), we have 
 

 
 

The utility level of household  is represented by 
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in which 
,0 j
   and  are called, respectively, propensities to hold money, to consume 

goods, to use leisure time, and to hold wealth (save). Maximizing  subject to (13) yields: 
 

 
                                                                               

 

where 
 

 
 

Households’ wealth accumulation, According to the definition of  the wealth accumula-

tion of household  wealth change is given by: 
 

 
 

Relations between change in money stock, inflation policy and inflation rate. According to the 

definitions and (7), we have: 
 

 
 

Full employment of input factors. Capital stock is fully employed:  

     

 
 

The total physical wealth is owned by the households: 
 

 
 

The labor is fully employed: 
 

 
 

Market clearing in consumer goods markets. The demand for consumer goods equals the 

supply: 
 

 
 

We constructed the model. The model is structurally a unification of the Walrasian general 

equilibrium, neoclassical growth theory and MIU approach in monetary economics with Zhang’s 

approach to the household behavior. If wealth accumulation and monetary dynamics are omitted, 

then the model becomes a Walrasian general equilibrium model. If the population is homogenous 

and money is omitted, then the model is similar to the Uzawa model in the neoclassical growth 

theory. If the population is homogeneous, then the model is a monetary neoclassical growth model. 
Our model is deviated from the mainstreams in economic dynamics in how to model behavior of 

households. Zhang’s approach to household behavior is applied.  
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2. PROPERTIES OF THE ECONOMY 

The model is structurally complicated. It includes basic economic mechanisms of Walrasian 

general economic theory, monetary economics, and neoclassical growth theory. The model is high-
dimensional and nonlinear. We now show that the system can be followed with computer. We give 

a computational procedure to follow the movement of the economy with initial conditions. We in-

troduce a variable: 
     

 
 

The following lemma is confirmed in the Appendix.  
 

Lemma 

The dynamics of the monetary economy with group households are described by the follow-

ing  nonlinear differential equations: 
 

 

 

 
 

where  and are functions of   defined in the 

Appendix. The rest variables are given as functions of   by the following 

procedure:  with (A2) →  by (A3) →  by (4) →  by (A4) →  by (A15) → 

 by (A16) →  by (A17) → →  by (A8) →   and 

by (17) →  by (A11) →  and  by (A6) →  and  by (A1) →  by 

(2) →  by (5)  →  by (7) →  by (8) → . 
 

For simulation, we choose  and specify the parameter values: 
 

 

 

 
  (25) 

 

The three populations are respectively   and  The levels of human capital are cor-

respondingly   and  Group  ( ) has the smallest (largest) population size and highest (low-

est) human capital. The inflation policy is fixed at 3 percent. The output elasticities of capital of the 

capital goods and consumer good sectors are respectively  and . The three groups have 

different preferences. As the genuine dynamics is complicated, we are concerned with equilibrium. 
The system has an equilibrium point as follows: 
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Group 1 has highest wage rate, money holding, physical wealth, wealth, consumption, utility 

level, group 2’s corresponding variables are next, and group 3’s corresponding variables are low-

est. Household 2 works more than household 1 and less than group 3. The equilibrium inflation 

rate is equal to the inflation policy.  

 

 

3. COMPARATIVE STATICS ANALYSIS 

The previous section provided a computational procedure to calculate the movement of the 

system and found an equilibrium point. This section carries out comparative statics analysis to 

examine issues related to money neutrality and effects of changes in preferences and technologi-

cal changes. This study uses the variable,  to represent the change rate of the variable  in 

percentage due to changes in the parameter value. 

 

 

3.1 A rise in inflation policy  

We now analyze how the economic equilibrium is affected when the inflation policy is in-

creased as follows:  where “ ” stands for “being changed to”. The result is listed 

in (27). We see that money is not neutral in the long term. A rise in inflation increases cost of hold-

ing money. All the households hold less (real) money and have more wealth. As inflation is in-

creased, the households tend to hold more real wealth  The national real money is decreased. 

The total physical capital stock is increased. Each sector employs more capital. The wage rates are 

increased. The households work less hours as net results of rises in the wage rates and wealth. 

The national labor supply is reduced. They consume more consumer goods and have higher levels 

of utility. The rate of interest falls. The capital good sector produces less. The consumer good sec-

tor produces more in association with falling price.  
 

 

 

 

 

 
  

 

Our results re similar to those obtained through the Tobin model (Tobin, 1956) which is a 

monetary neoclassical growth model identical to the Solow model when inflation policy is zero. 

Although the Tobin model is not based on utility-maximization like our model, demand and supply 

are similar to our model. The Tobin model predicts that the long-term capital and consumption are 

positively related to inflation policy. In Tobin’s approach, money and capital are substitutes. Portfo-

lio choice between money and capital is affected by inflation policy. A higher inflation reduces the 

rate of return of money, which would increase capital in the economy. More capital enhances out-

put. Hence consumption will be increased. It should be noted that in the literature of monetary 

economic growth, different approaches provide opposite relationships between money and growth. 

Sidrauski (1967) applied the Ramsey approach and got the superneutrality of money. Stockman 

(1981) introduced money in the expenditure function and got the anti-Tobin effects.  
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3.2 Household 1 increases the propensity to hold money 

We now analyze how the economic equilibrium is affected when household 1 increases the 

propensity to hold money as follows:  The result is listed in (28). Household 1 

has more money, while each household in the other two groups has less money. Household 1 has 

more money, while each household in the other two groups has less money. Household 1 holds 

less physical capital and wealth, consumes less consumer goods, and works more hours, while 

each household from the other two groups holds more physical capital and wealth, consumes 

more consumer goods, and works less hours. Household 1’s utility is lowered, while each house-

hold from the other two groups has higher utility. The wage rate is reduced in association in rises in 

the rate of interest. The national money is increased. The total labor supply is enhanced, but na-

tional physical capital is reduced. Each sector employs more labor but less capital. The national 

output is slightly augmented. The capital good sector produces more, while the consumer good 

sector produces less in association with rises in the price.   
 

 

 

 

 

 

 
 

 

3.3 Household 3’s human capital is enhanced 

We now analyze how the economic equilibrium is affected when household 3’s human capital 

is enhanced as follows:  The result is listed in (29). Household 3’s wage rate is en-

hanced, while the other two groups’ wage rates are reduced. Household 3 has more money, owns 

more physical capital, has more wealth, while each household from the other groups has less 

money, but owns more physical capital and has more wealth. All the households consume more 

consumer goods, enjoy more leisure hours, and have higher utilities. The national money is en-

hanced and rate of interest is increased. The total labor supply and national physical capital are 

augmented. Each sector employs more labor but less labor force. The national output is augment-
ed. The two sectors both produce more. The price of consumer goods rises slightly. 
 

  

 

 

 

 

 
 

 

3.4 Group 3’s population is enlarged 

We now analyze how the economic equilibrium is affected when group 3’s population is en-

larged as follows:  The result is listed in (30). The wage rate is reduced, and the rate 

of interest is enhanced. Each household holds less money, owns more physical capital and has 

more wealth. All the households consume more, work less, and enjoy higher levels of utility. The 
national money per household is reduced and rate of interest is increased. The total labor supply 

and national physical capital are augmented. Each sector employs more labor and capital. The 
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national output is augmented. The two sectors both produce more. The price of consumer goods 

rises slightly. 
 

 

 

 

 

 

 
 

 

3.5 Household 3’s propensity to save is increased 

We now analyze how the economic equilibrium is affected when household 3’s propensity to 

save is enhanced as follows:  The result is listed in (31). Household 3 has more 

wealth and own more physical capital, while each household from the other groups has less wealth 

and own less physical capital. All the households hold more money. Household 3 has more leisure 

time and consume more goods, while each household from the other groups has less leisure time 
and consume less. Household 3 enjoys higher utility, while each household from the other groups 

has lower utility. The national money is enhanced, and rate of interest is reduced. The total labor 

supply and national physical capital are augmented. Each sector employs more labor and capital. 

The national output is augmented. The two sectors both produce more. The price of consumer 

goods falls slightly. 

 

 

 

 

 

 

 
 

 

3.6 Household 3’s propensity to use leisure time is increased 

We now analyze how the economic equilibrium is affected when household 3’s propensity to 

use leisure time is enhanced as follows:  The result is listed in (32). Household 3 

has more leisure time, while each household from the other groups work more. Household 3 holds 

less money, while each household from the other groups holds more. All the households have less 

wealth and less physical capital. The wage rate is slightly increased. All the households have lower 

utility levels. The national money is reduced. The rate of interest is reduced. The total labor supply 

and national physical capital are reduced. Each sector employs less labor and capital. The national 

output is reduced. The two sectors both produce less. The price of consumer goods falls slightly. 
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3.7 The consumer good sector’s total factor productivity is enhanced 

We now analyze how the economic equilibrium is affected when the consumer good sector’s 

total factor productivity is enhanced as follows:  The result is listed in (33). All the 

households hold more money and have less wealth and less physical capital. They all work more 

hours and consume less consumer goods. Their utility levels are lowered. The wage rate is slightly 

increased. The national money is augmented. The rate of interest is reduced. The total labor supply 

is increased, while the national physical capital is reduced. The capital good sector employs more 

inputs, while the consumer good sector employs less inputs. The capital good sector produces 

more, while the consumer good sector produces less. The price of consumer goods falls. 
 

 

 

 

 

 

 
 
 

CONCLUSIONS 

This paper proposed a dynamic equilibrium growth model to examine the relationship between 

economic growth and money growth by integrating the Walrasian general equilibrium theory, neo-

classical growth theory, and MIU approach in monetary economics with the concept of disposable 
income and utility function. We defined the model, found equilibrium, and carried out comparative 

statics analysis in money policy, preferences and technology. The paper deals with a complicated 

topic and is involved different ideas in economic theory. It is built on some strict assumptions.  

Although this paper is theoretical one and is not empirically tested. It might provide some in-

sights into complexity of monetary economic growth. Traditional theories which have been empiri-

cally tested based don’t give any convergent conclusions on the role of money in economic growth. 

Our theoretical model which is based on multiple forces of economic growth well accepted in the 

literature of economic growth provides some insights into situation-dependent conclusions in the 

literature of empirical studies on the role of government’s monetary policy. The paper can be ex-

tended in different ways. It is important to use more general forms of production functions and 

utility functions. The government’s monetary policy is oversimplified. Growth money is an endoge-

nous variable of social and economic changes. For instance, we may replace the fixed money 

growth rate policy with the Taylor rule. Issues related to government debts are a main concern in 

the literature. It is conceptually not difficult to examine interdependence between money growth 

and national debts on the basis of our model.  

 

Appendix: Confirming the Lemma 

With (3) and (6), we get: 
     

 
 

where time index is omitted and   From (2) and (3), we get 
 

 
 



 

Wei-Bin Zhang /  

Montenegrin Journal of Economics, Vol. 16, No. 1 (2020), 7-20  

 

 

 

17 

where we also use (A1). Equations (A1) also imply: 
 

 
 

From (5), (6) and (A1), we have  
 

 
 

Insert (A1) in (22) 
     

 
                                                                                          

Solve (A5) and (20)  
     

 
 

where 
     

 
 

By (A6) and (A1), we have 
 

 
 

From (14), (9) and (4), we have 
 

 
 

where  Insert (17) in (A8)  
 

 
 

By (A9) and (13), we have  
 

 
 

From (A10) and (1), we have  
 

 
 

where  
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Insert (17) in (23): 
 

 
 

where we also use (6). Insert (A8) and (A7) in (A12) 
 

 
 

where 
 

 
 

Substituting (A11) and (21) into (A13) yields 
 

 
 

Solving (A14) with  as the variable, we have 
 

 

 
 

Insert (A8) in (A14) 
 

 
 

where  

 

 
 

By (17), (A15) and (A16), we have: 
  

 
 

where we also use (A14). It is straightforward to check that all the variables can be expressed as 

functions of   and  at any point in time as follows:  with (A2) →  by (A3) →  by (4) → 

 by (A4) →  by (A15) →  by (A16) →  by (A17) → →  by (A8) →    

and by (17) →  by (A11) →  by (21) →  and  by (A6) →  and  by (A1) →  by (2) → 

 by (5)  →  by (7) →  by (8) → . From this procedure, (18) and (19), we get:  
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Take derivative of (A17) in time  
 

 
 

in which we use (A18) and (A19). Similarly, from (A15) we get 
 

 
 

Insert (A20) and (A21) in (A18) 
 

 

 
 

Equations (A22) are linear in  It is straightforward to solve the linear equations. As 

it is tedious to give the explicit expressions, we express the solution of (A22) in the form of differen-

tial equations as follows: 
 

 

 
 

Differential equations (A19) and  have  equations and contain the same number of 

variables  and  We thus confirm the Lemma. 
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